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EXPLICIT HOLOMORPHIC STRUCTURES FOR EMBEDDINGS
OF CLOSED 3-MANIFOLDS INTO C3
ALI M. ELGINDI
Abstract. Expanding on my former work in [1] and with the work of Kasuya
and Takase in [5], we demonstrate that for a given link L ⊂ M which is
null-homologous in H1(M) and for any smooth 2-plane field η over L there
exists a smooth embedding F : M →֒ C3 so that the complex tangents of the
embedding is exactly L and at each x ∈ L the holomorphic tangent is exactly
ηx.
I. Introduction
Complex tangents to an embedding Mk →֒ Cn are points x ∈ M so that the
tangent space to M at x (considered as a subspace of the tangent space of Cn)
contains a complex line. If k > n, all points of M are necessarily complex tangent,
by virtue of the dimensions. If k ≤ n, some (or all) points of M may have strictly
real tangent space. If all points of M are real, we say that the embedding is totally
real. In general, the dimension of the maximal complex tangent space of M at x is
called the dimension of the complex tangent. An embedding is called CR (Cauchy-
Riemann) if the complex dimension of all points ofM are the same. In [4], Gromov
used the h-principle to demonstrate that the only spheres admitting totally real
embeddings Sn →֒ Cn were S1 and S3.
In his paper [3], Forstneric showed that every closed oriented 3-manifold can
be embedded totally real into C3. And in my paper [2] I demonstate the lack of
flexibility in higher dimensions, particularly we show that the 5-sphere S5 cannot
be CR-embedded into C4. We also show analogous results for different dimensions.
In this paper, we will focus on embeddings of closed 3-manifolds M →֒ C3. In
this situation, all complex tangents are necessarily of dimension 1 and generically
arise along a link. In our paper [1], we demonstrated that for every knot (or link)
type in S3 there exists an embedding S3 →֒ C3 which assumes complex tangents
exactly along a knot of the prescribed type (with a degenerate point). In 2018,
Kasuya and Takase proved that given any smooth link L in a closed 3-manifold
M with trivial fundamental class [L] ∈ H1(M), there exists a smooth embedding
M →֒ C3 whose complex tangents form precisely the given link L and are all non-
degenerate (see [5]).
W˙e will here generalize the result of Kasuya and Takase to assert that given
any 2-plane field over such a link L, there exists an embedding whose complex
tangents have holomorphic tangent spaces being precisely the specified 2-plane
field. In effect, any configuration of the complex structure to an embedding of
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a 3-manifold can specified; the only restriction is that the set of complex tangents
be null-homologous.
II. Known Results
The result of Kasuya-Takase in [5] demonstrates that given a closed orientable
3-manifoldM and any null-homologous link L ⊂M , we may construct a (smooth!)
embeddingM →֒ C3 which is complex tangent precisely along L. This is in contrast
with the earlier result in [1], where we show that any topological type of link may
arise as the set of complex tangents to an embedding S3 →֒ C3, with the caveat
that the embedding is only Cn (n < ∞) and must have one complex degenerate
point.
We now state the result of Kasuya-Takase formally:
Theorem 1. ([5]): Let M be a closed orientable 3-manifold and L ⊂M a closed 1-
dimensional submanifold. Then there exists a smooth embedding M →֒ C3 complex
tangent exactly along L if and only if [L] ∈ H1(M) is trivial.
Their method of proof involves using stable maps into R2 and immersion lifts. In
particular, they first demonstrate that given any such null-homologous link L ⊂M ,
there exists a liftable stable map f : M → R2 which is singular exactly along the
link L. Writing the immersion lift as (f, g) : M → R4, we may assume that the
immersion lift is an embedding in a tubular neighborhood of the link (perturbing
g if necessary).
Then writing f = (f1, f2) and g = (f3, f4), the following smooth immersion is
constructed: G = (f1, f2, f3, f4, f1,−f2) : M →֒ C
3 whose complex tangents they
show forms precisely the link L.
With the fact that the immersion is an embedding in a tubular neighborhood
of L and using the relative form of the h-principle, the existence of a smooth
embedding M →֒ C3 complex tangent exactly along L is assured, and the theorem
is proven.
III. Specifying Complex Configurations
Let M be a closed 3-manifold and let L ⊂M be a link, null -homologous in M
By the work of Kasuya and Takase, there exists a smooth embedding F :M →֒ C3
so that the complex tangents of the embedding is exactly L. Let τx ⊂ TxM denote
the holomorphic tangent space at x ∈ L. We wish to show that for any 2-plane
field η ∈ Γ(Gr2(TM |L)) (section of the Grassmann bundle) over L there exists an
embedding complex tangent exactly on L with holommorphic tangent space being
exactly η.
3Theorem 2. : Let M be a closed orientable 3-manifold and L ⊂M be a link with
[L] ∈ H1(M) trivial and let η be a smooth 2-plane field over L ⊂ M . Then there
exists a smooth embedding M →֒ C3 non-degenerate complex tangent exactly along
L with holomorphic tangent space ηx for each x ∈ L.
Proof :
Let η be any 2-plane field over L ⊂ M . Consider bases {vx, wx} ∈ Tx(M) for
ηx at each x ∈ L, i.e. a pair of vector fields over L for which span(vx, wx) = ηx ⊂
Tx(M) and suppose the complex line field τx is spanned (over complex numbers!)
by µx, so then the real span(µx, Jµx) = τx. We will now construct matrices
mx ∈ GL6(R) so that mx · τx = ηx for each x ∈ L,i.e. which satisfy the equations:
mµx = vx,m(Jµx) = wx for each x ∈ L.
This imposes twelve linear conditions on the (real) 16-dimensional space GL(R6)
for each x ∈ L. We thus obtain 4-dimensional real spaces of matricies for each x ∈ L
satifying these conditions. Denote these spaces by:
Sx = {m ∈ GL6(R)|m · τx = ηx} ⊂ GL6(R) for each x ∈ L.
Now, recall the Whitney Extension Theorem from real analysis which states
that for a compact set K ⊂ Rn and vector field along K, any function f : K → R
can be extended to a function F : Rn → R so that F |K = f and the derivative of F
at the points of L form exactly the presribed vector field. Note that the conditions
for applying the Whitney Extension Theorem are satisfied trivially as dim(L) = 1
(see [6]).
A simple generalization then follows that for a given function f : K → Rn
and prescribed derivatives at each x ∈ K (now (n × n)-matricies mx) there exists
an extension F : Rn → Rn so that: F |K = f and df |x = mx. This is seen by
considering each of the component functions individually and forming F using the
component fucntions and the derivative will be the Jacobian which itself will have
columns being the component derivatives (columns of mx).
In our setting, let K = L and let f be the identity on L. We can then construct
a smooth function E : C3 → C3 so that dEx = mx, where mx ∈ Sx for each x ∈ L.
Now we construct a new embedding F˜ = E ◦ F :M → C3. We will first show:
Claim : The sets mx(TxM ∩ J(TxM)) = Tx(F˜ (M)) ∩ J(Tx(F˜ (M))) for every
x ∈ L.
First, we note that since dF˜ |x = mx · dFx, we have Tx(F˜ (M)) = mxTxM for
each x ∈ L. By dimensionality argements, it will suffice to show:
mx(TxM ∩ J(TxM)) ⊂ mxTxM ∩ J(mxTxM). Let ϕ ∈ TxM ∩ J(TxM) = τ .
Clearly, ϕ ∈ TxM . So it remains to show that mxϕ ∈ J(mxTxM).
Let ω = −mx
−1Jmxϕ. Note then by re-ordering terms: mxϕ = Jmxω. We wish
to show ω ∈ TxM . Note then since ϕ ∈ τ , and mx
−1Jmx is similar to the complex
structure J , it will also give a complex structure (only change of coordinates). Since
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τ is invariant under the complex structure, necessarily ω = −mx
−1Jmxϕ ∈ τ ⊂
TxM . Hence, mxϕ ∈ J(mxTxM).
Since ϕ ∈ τ was arbitrary, we see that mx(TxM ∩ J(TxM)) ⊂ mxTxM ∩
J(mxTxM) and by linear algebra dimensionality reasons, the sets must be equal.
And thus the claim is proven.
As a direct conequence of this claim, it is clear that the link L will be complex
tangent for any such embedding F˜M → C3 and the holomorphic tangent space at
x ∈ L is ηx.
It remains for us to prove that we can find a family {mx ∈ Sx}, x ∈ L so that
the resulting embedding F˜ will not have any new complex tangents off of L. Note
that it will suffice to prove this is true for a tubular neighborhood of N ⊂ M of L
and then proceed using Gromov’s h-principle for extensions.
Consider the set: S = ∪Sx ⊂ GL6(R) over each x ∈ L. This forms a fiber
bundle over L with fibers Sx over each x ∈ L. Consider further the set of sections
to this bundle Γ = {s : L→ S}. By our work above, for each section s there exists
a smooth automorphism E : C3 → C3 so that the function f˜s = Es ◦ f has complex
tangents along L with holomorphic tangent space exactly the desired complex line
field η. Also, let N be a tubular neighborhood of L ⊂M .
Consider now the (collection of) Gauss map: G : N × Γ → Gr3,6 that sends
(x, s) to the tangent space of the embedding f˜s at x. We wish to show that G is
transverse to W = {P ⊂ Gr3,6|P ∩ JP ∼= C}, the set of planes which contain a
complex line.
It is easily seen that every direction v ∈ R6 can arise in the image of the
differential dEsx = mx for some s ∈ Γ, for any given x ∈ L. Hence, we see that
the differential dG is onto and G is necessarily transverse to W.
By parametric transversality theorem, for almost any s ∈ Γ , the map f˜s will be
generic, in that it is either totally real or assumes complex tangents along a link. As
f˜ assumes complex tangents along L, we can take N to be ”sufficiently thin” so that
no other knots will be obtained in the transverse intersection. As of the intersection
of the Gauss map with W is transverse for such a generic s, the complex tangents
are all non-degerenate and will form exactly the link L. We may then use the
totally real h-principle for extensons to construct a smooth embddeding M →֒ C3
which is (non-degenerate) complex tangent along L, and totally real off of L, with
holomorphic tangent spaces the arbitrary 2-plane field η along L, and our theorem
is proven.
QED
We believe that this result demonstrates the full flexibility of real embedddings
into complex Euclidean space in the dimension 3. It may also be interesting to now
5ask if the same kind of flexibility will extend to the structure of the holomorphic
hulls for real 3-dimensional submanifolds of complex space.
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